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The information of quantum pathways can be extracted in the framework of the Hamiltonian-
encoding and Observable-decoding method. For closed quantum systems, only off-diagonal elements
of the Hamiltonian in the Hilbert space is required to be encoded to obtain the desired transitions.
For open quantum systems, environment-related terms will appear in the diagonal elements of the
Hamiltonian in the Liouville space. Therefore, diagonal encodings have to be performed to differ-
entiate different pathways, which will lead to self-to-self transitions and inconsistency of pathway
amplitudes with Dyson expansion. In this work, a well-designed transformation is proposed to avoid
the counter-intuitive transitions and the inconsistency, with or without control fields. A three-level
open quantum system is employed for illustration, and numerical simulations show that the method
are consistent with Dyson expansion.
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2I. INTRODUCTION
The control of quantum systems, particularly utilizing optimization techniques, has been more and more success-
ful [1–11]. Understanding the mechanisms that achieve the optimal control is becoming more interesting [2, 12–22].
Hamiltonian-encoding and Observable-decoding (HE-OD) is an efficient tool to real the underlying mechanism in
the control of quantum systems [23]. Rabitz et al. already demonstrate the application of HE-OD in the exper-
iments [24, 25]. With this method, the mechanism is expressed with significant pathways linking the initial and
target state. In practice, the system Hamiltonian is encoded in a particular manner such that the resultant nonlinear
distortion of the observable can be decoded to extract the pathway amplitudes. Pathways in closed systems can be
differentiated by performing only off-diagonal encodings, and their accurate amplitudes given by Dyson expansion are
consistent with those by HE-OD. Recently, we have expanded this method to open quantum systems to investigate
the cooperation between an applied field and the environment [26]. The dynamics of the open quantum systems is
described in the Liouville space, and environment-related terms will mix with transition energies in some diagonal
elements of the Hamiltonian. If these diagonal elements are not encoded, pathways including the corresponding self-to-
self transitions may not be differentiated. This can be indicated by the inconsistency between the pathway amplitudes
by HE-OD and Dyson expansion, as shown in subsection II B. However, the self-to-self transitions are counter-intuitive
and hard to understand. To avoid this kind of transitions, a well-designed transformation is performed on the Hamil-
tonian to remove the diagonal elements. The pathway amplitudes with this modified HE-OD method are almost the
same as those with Dyson expansion. Hence this improved method can be employed to differentiate pathways in open
quantum systems with a clearer understanding of the control mechanism.
This paper is arranged as follows. Sec. II describes the primitive HE-OD method with only diagonal encoding
in open quantum systems and the inconsistency between the pathway amplitudes obtained by HE-OD and Dyson
expansion. In Sec. III, diagonal encoding is included in HE-OD and the self-to-self transitions are introduced. In
Sec. IV, a well-designed transformation is adopted to deal with a three-level open quantum system with or without
control fields, then the modified HE-OD method is generalized. Sec. V gives the conclusions.
II. OFF-DIAGONAL ENCODING IN OPEN QUANTUM SYSTEMS
A. HE-OD in open systems
The Markovian dynamics of an open quantum system can be described by the Lindblad master equation
∂ρ(t)
∂t
= −i[H0 − µE(t), ρ(t)] + ηF{ρ(t)}, (1)
Here H0 is the unperturbed Hamiltonian, and µ and E(t) are, respectively, the transition dipole operator and the
control field. For convenience ~ has been absorbed into H0 and µ, ρ(t) is density operator and can be expressed with
the eigenstates of H0 as ρ(t) =
∑
nm
ρnm(t) |n〉 〈m|. The Lindblad term is
F{ρ(t)} =
d2−1∑
j=1
(LjρL
+
j −
1
2
L+j Ljρ−
1
2
ρL+j Lj), (2)
where {Lj} and η are, respectively, Lindblad operators and the system-environmental coupling strength parameter.
It is convenient to rewrite the equation in the Liouville space as
i
∂ρjk(t)
∂t
=
∑
m,n
Hjk,mn(t)ρnm(t). (3)
Here the density operator is expressed with the double-bracket notation, |ρ(t)〉〉 = ∑
nm
ρnm(t) |mn〉〉. The density
operator at time t can be derived from the non-unitary evolution operator U(t) and the density operator at time 0 as
|ρ(t)〉〉 = U(t) |ρ(0)〉〉. The master equation of U(t) is
i
dU(t)
dt
= H(t)U(t), (4)
Its solution can be expressed in the form of the Dyson expansion
U(t) = I + (−i)
∫ t
0
H(t1)dt1 + (−i)2
∫ t
0
H(t2)
∫ t2
0
H(t1)dt1dt2 + · · · . (5)
3Then the transition amplitude from the initial state |aa〉〉 (i.e., state |a〉 in Hilbert space) to final state |bb〉〉 (i.e.,
state |b〉 in Hilbert space) is
〈〈bb | U(t) |aa〉〉 =
∑
n,{lplq,··· }
Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t), (6)
with
Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t) = (−i)n
∫ t
0
〈〈bb | H(tn)
∣∣∣ l′n−1ln−1〉〉
×
∫ tn
0
〈〈
l
′
n−1ln−1
∣∣∣H(tn−1) ∣∣∣ l′n−2ln−2〉〉× · · · ×
∫ t2
0
〈〈
l
′
1l1
∣∣∣H(t1) |aa〉〉 dt1 · · · dtn−1dtn. (7)
This amplitude corresponds to a nth-order pathway from the initial state |aa〉〉 to final state |bb〉〉 through the set of
n intermediate steps |aa〉〉 →
∣∣∣ l′1l1〉〉 → · · · → ∣∣∣ l′n−2ln−2〉〉 → ∣∣∣ l′n−1ln−1〉〉 → |bb〉〉. In HE-OD, the Hamiltonian is
encoded as Hij(t) → Hij(t)mij(s), where mij(s) = exp(2πiγijs/N) and γij is an element of the encoding matrix Γ.
After modulation, Eq. (4) becomes
i
dU(t, s)
dt
=


H11(t)m11(s) · · · H11(t)m1d(s)
· · ·
· · ·
· · ·
Hd1(t)m11(s) · · · Hdd(t)mdd(s)

U(t, s), (8)
leading to the following transition amplitude
Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t, s) =
∫ T
0
· · ·
∫ tn
0
Hbb,l′
n−1
ln−1
(t)mbb,l′
n−1
ln−1
(s) · · ·
×Hl′1l1,aa(t)ml′1l1,aa(s)dt1dt2 · · · dtn
=
∑
n,{lplq,··· }
Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t)M
n{l
′
n−1ln−1,···l
′
1l1}
bb,aa , (9)
Therefore, each particular pathway amplitude Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t) is labelled by its encoding functionM
n{l
′
n−1ln−1,···l
′
1l1}
bb,aa (s) =
exp(2πiγ
n(l
′
n−1ln−1,l
′
n−2ln−2,··· ,l
′
1l1)
). Due to the orthogonal relationship between different encoding functions, Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t)
can be easily calculated by the inverse fast Fourier transform of modulated matrix elements Un{l
′
n−1ln−1,···l
′
1l1}
bb,aa (t, s)
with the feature frequency of γ
n(l
′
n−1ln−1,l
′
n−2ln−2,··· ,l
′
1l1)
= γ
bb,l
′
n−1ln−1
+ γ
l
′
n−1ln−1,l
′
n−2ln−2
+ · · ·+ γ
l
′
1l1,aa
.
B. Off-diagonal encoding scheme and the inconsistency
In this subsection, a three-level open system is taken as example to demonstrate the HE-OD, where only off-diagonal
terms are encoded. The inconsistency between the pathway amplitudes by HE-OD and Dyson expansion is shown.
The model system is in Fig. 1, and the corresponding matrices in Eq. (1) are
H0 =

 0 0 00 ω2 0
0 0 ω3

 , µ =

 0 µ12 0µ12 0 µ23
0 µ23 0

 , (10)
L1 = L
+
2 =

 0
√
α12 0
0 0 0
0 0 0

 , (11)
L3 = L
+
4 =

 0 0 00 0 √α23
0 0 0

 , (12)
4 23
 12!2
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FIG. 1. (Color online) A three-level open model system. The purple solid arrows represent dipole-induced transitions, while
the red dashed arrows correspond to dissipation-induced transitions.
It can be seen that only the nearest-neighbor transitions are induced by the dipole or Lindblad operators. Then the
Hamiltonian matrix H(t) in the Liouville space is
H(t) =


β1 χ12 0 −χ12 iηα12 0 0 0 0
χ12 β2 χ23 0 −χ12 0 0 0 0
0 χ23 β3 0 0 −χ12 0 0 0
−χ12 0 0 β4 χ12 0 −χ23 0 0
iηα12 −χ12 0 χ12 β5 χ23 0 −χ23 iηα23
0 0 −χ12 0 χ23 β6 0 0 −χ23
0 0 0 −χ23 0 0 β7 χ12 0
0 0 0 0 −χ23 0 χ12 β8 χ23
0 0 0 0 iηα23 −χ23 0 χ23 β9


, (13)
with β1 = −iηα12, β2 = −ω2− iη(α12+ α232 ), β3 = −ω3− i2η(α12+α23), β4 = ω2− iη(α12+ α232 ), β5 = −iη(α12+α23),
β6 = ω2−ω3− iη(α122 +α23), β7 = ω3− i2η(α12+α23), β8 = ω3−ω2− iη(α122 +α23), β9 = −iηα23, and χij = µijE(t).
The control field is taken to be a Gaussian form as E(t) = e−
(t−T/2)2
2σ2
∑
l
Alcos(υlt+θl), where υ1 = ω2 and υ2 = ω3−ω2
are resonant frequencies of the two allowed transitions. The parameters are T = 8268.221(200fs) , σ = 1240.23(30fs),
ω2 = 0.0365, ω3 = 0.0651, µ12 = 0.0691, µ23 = 0.0835, A1 = 0.0038, A2 = 0.0037, θ1 = 1.6551, θ2 = 3.2031,
α12 = 0.089 and α23 = 0.194. The encoding matrix is taken to be
Γ =


0 1 0 5 17 0 0 0 0
1 0 21 0 33 0 0 0 0
0 21 0 0 0 41 0 0 0
5 0 0 0 59 0 68 0 0
17 33 0 59 0 77 0 83 101
0 0 41 0 77 0 0 0 109
0 0 0 68 0 0 0 111 0
0 0 0 0 83 0 111 0 127
0 0 0 0 101 109 0 127 0


. (14)
Here the diagonal elements of the Hamiltonian are not encoded. The significant pathways extracted by HE-OD are
shown in Tab. I. There are three types of pathways: dipole-induced, dipole-environment-induced and environment-
induced ones. For example, the dipole-induced pathway |11〉〉 → |21〉〉 → |31〉〉 → |32〉〉 → |33〉〉 is induced by two
dipole operators (µ12 and µ23) according to Eq. (13), and the dipole-environment-induced pathway |11〉〉 → |21〉〉 →
|22〉〉 → |33〉〉 by one dipole operator µ12 and the environment-related term α23. The environment-induced pathway
pathway |11〉〉 → |22〉〉 → |33〉〉 is related to the two environmental terms α12 and α23. Some symmetry relation (i.e.
the same magnitude and opposite phase) can be found for pathways induced by the same operators (e.g. pathways
featured by the inverse fast Fourier transform (IFFT) frequencies of 244 and 250 in Tab. I). The results are shown in
Tab. I labelled with ”Off-diagonal Encoding Scheme”.
In the interaction picture, the Hamiltonian H(t) is split to H0 + V (t), then the master equation becomes
i
dUI(t)
dt
= VI(t)UI(t), (15)
5TABLE I. Magnitudes and phases of significant quantum pathways. LF stands for the feature frequencies of the pathways.
The values in the parentheses are the phases.
Type Pathways LF Off-diagonal
Encoding Scheme
Scheme including
Diagonal Encoding
Integration
dipole-induced
|11〉〉 → |12〉〉 → |13〉〉 → |23〉〉 → |33〉〉 172 1.197 × 10−3
(1.704 × 10−2)
1.433 × 10−3
(1.606× 10−2)
1.606 × 10−3
|11〉〉 → |21〉〉 → |31〉〉 → |32〉〉 → |33〉〉 311 1.200 × 10−3
(−1.714× 10−2)
1.436 × 10−3
(−1.616× 10−2)
1.606 × 10−3
|11〉〉 → |12〉〉 → |22〉〉 → |32〉〉 → |33〉〉 244 1.192 × 10−3
(6.901 × 10−2)
1.492 × 10−3
(7.884× 10−2)
1.642 × 10−3
|11〉〉 → |21〉〉 → |22〉〉 → |23〉〉 → |33〉〉 250 1.197 × 10−3
(−6.816× 10−2)
1.500 × 10−3
(−7.778× 10−2)
1.642 × 10−3
|11〉〉 → |12〉〉 → |22〉〉 → |23〉〉 → |33〉〉 220 1.171 × 10−3
(2.433 × 10−2)
1.468 × 10−3
(2.476× 10−2)
1.615 × 10−3
|11〉〉 → |21〉〉 → |22〉〉 → |32〉〉 → |33〉〉 274 1.172 × 10−3
(−2.422× 10−2)
1.471 × 10−3
(−2.465× 10−2)
1.615 × 10−3
Dipole-dissipation-induced
|11〉〉 → |12〉〉 → |22〉〉 → |33〉〉 135 8.978 × 10−3
(8.187 × 10−2)
1.166 × 10−2
(8.536× 10−2)
1.230 × 10−2
|11〉〉 → |21〉〉 → |22〉〉 → |33〉〉 165 8.978 × 10−3
(−8.187× 10−2)
1.166 × 10−2
(−8.536× 10−2)
1.230 × 10−2
|11〉〉 → |22〉〉 → |23〉〉 → |33〉〉 203 5.436 × 10−3
(−5.526× 10−2)
7.296 × 10−3
(−5.811× 10−2)
7.798 × 10−3
|11〉〉 → |22〉〉 → |32〉〉 → |33〉〉 227 5.435 × 10−3
(5.530 × 10−2)
7.295 × 10−3
(5.815× 10−2)
7.798 × 10−3
Dissipation-induced |11〉〉 → |22〉〉 → |33〉〉 118 2.032 × 10−2
(6.794× 10−15)
2.857 × 10−2
(6.572 × 10−15)
2.858 × 10−2
FIG. 2. (Color online) Magnitudes of significant pathways with different methods. The vertical axis denotes the magnitude
with the values scaled by a factor of 1000, while the horizontal axis labels the IFFT frequencies of the pathways. Panels
(a), (b) and (c) are, respectively, the dipole-induced pathways, the dipole-environment-induced pathways and the exclusively
environment-induced pathways. The blue, black and red bars are, respectively, obtained by off-diagonal encoding scheme,
scheme including diagonal encoding and Dyson expansion.
6with VI(t) = e
iH0tV (t)e−iH0t and UI(t) = eiH0tU(t)e−iH0t.
The matrices are
H0 =


0 0 0 0 0 0 0 0 0
0 −ω2 0 0 0 0 0 0 0
0 0 −ω3 0 0 0 0 0 0
0 0 0 ω2 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 ω2 − ω3 0 0 0
0 0 0 0 0 0 ω3 0 0
0 0 0 0 0 0 0 ω3 − ω2 0
0 0 0 0 0 0 0 0 0


, (16)
and
V (t) =


ξ1 χ12 0 −χ12 iηα12 0 0 0 0
χ12 ξ2 χ23 0 −χ12 0 0 0 0
0 χ23 ξ3 0 0 −χ12 0 0 0
−χ12 0 0 ξ4 χ12 0 −χ23 0 0
iηα12 −χ12 0 χ12 ξ5 χ23 0 −χ23 iηα23
0 0 −χ12 0 χ23 ξ6 0 0 −χ23
0 0 0 −χ23 0 0 ξ7 χ12 0
0 0 0 0 −χ23 0 χ12 ξ8 χ23
0 0 0 0 iηα23 −χ23 0 χ23 ξ9


, (17)
Here ξ1 = β1 = −iηα12, ξ2 = −iη(α12 + α232 ), ξ3 = − i2η(α12 + α23), ξ4 = −iη(α12 + α232 ), ξ5 = β5 = −iη(α12 + α23),
ξ6 = −iη(α122 +α23), ξ7 = − i2η(α12+α23), ξ8 = −iη(α122 +α23) and ξ9 = β9 = −iηα23. Thus the Hamiltonian matrix
in the interaction picture VI(t) can be derived as
VI(t) =


ξ1 ℓ(t) 0 −ℓ(−t) iηα12 0 0 0 0
ℓ(−t) ξ2 κ(−t) 0 −ℓ(−t) 0 0 0 0
0 κ(t) ξ3 0 0 −ℓ(−t) 0 0 0
−ℓ(t) 0 0 ξ4 ℓ(t) 0 −κ(t) 0 0
iηα12 −ℓ(t) 0 ℓ(−t) ξ5 κ(−t) 0 −κ(t) iηα23
0 0 −ℓ(t) 0 κ(t) ξ6 0 0 −κ(t)
0 0 0 −κ(−t) 0 0 ξ7 ℓ(t) 0
0 0 0 0 −κ(−t) 0 ℓ(−t) ξ8 κ(−t)
0 0 0 0 iηα23 −κ(−t) 0 κ(t) ξ9


, (18)
with κ(t) = χ23e
i(ω2−ω3)t and ℓ(t) = χ12e
iω2t. The pathway amplitudes can also be obtained as the corresponding
Dyson terms. For example, with Ui standing for the amplitude of pathway i (i.e. LF in Tab. I), we have
U172 =
∫ T
0
(−χ23)e−i(ω2−ω3)t4
∫ t4
0
(−χ12)eiω2t3
∫ t3
0
χ23e
i(ω2−ω3)t2
∫ t2
0
χ12e
−iω2t1dt1dt2dt3dt4, (19)
U135 = ηµ
2
12α23
∫ T
0
∫ t3
0
E(t2)e
iω2t2
∫ t2
0
E(t1)e
−iω2t1dt1dt2dt3, (20)
U118 = (−i)2
∫ T
0
ηα12
∫ t2
0
ηα23dt1dt2. (21)
The results are listed in Tab. I labelled with “Integration”. There are non-negligible differences between results of
“Off-diagonal Encoding Scheme” (UH1) and “Integration” (UI). The difference ratio R =
|UI |−|UH1 |
|UI |
can be as large
as 30%, which is easier to see in Fig. 2.
7III. THE ORIGIN OF SELF-TO-SELF TRANSITIONS
In subsection IIA, scheme with only off-diagonal encoding is adopted in HE-OD to calculate pathway amplitudes.
However, it is noticed that some diagonal elements of the Hamiltonian also contain environment-related terms (i.e.
α12 and α23). Self-to-self transitions, such as |11〉〉 → |11〉〉 , |22〉〉 → |22〉〉 , |33〉 → |33〉〉 are neglected improperly.
Thus diagonal encodings may be possible to diminish the difference between pathway amplitudes by the off-diagonal
encoding scheme and Dyson expansion. In our scheme including diagonal encoding, only the elements of H11(t),
H55(t) and H99(t) with pure dissipation terms are encoded, and the encoding matrix is
Γ1 =


221 1 0 5 17 0 0 0 0
1 0 21 0 33 0 0 0 0
0 21 0 0 0 41 0 0 0
5 0 0 0 59 0 68 0 0
17 33 0 59 277 77 0 83 101
0 0 41 0 77 0 0 0 109
0 0 0 68 0 0 0 111 0
0 0 0 0 83 0 111 0 127
0 0 0 0 101 109 0 127 341


. (22)
The results are listed in Tab. I labelled with “Scheme including Diagonal Encoding”. As shown in Fig. 2, the
difference between pathway amplitudes by this new encoding scheme and integration becomes smaller, and the ratio
R =
|UI |−|UH2 |
|UI |
is now about 10%, with |UH2 | stands for the magnitude by the scheme including diagonal encoding.
The smallest difference is only ∼ 0.03% for pathway |11〉〉 → |22〉〉 → |33〉〉.
As shown in Tab. I, the new scheme will lead to significant pathways involving self-to-self transitions. The dis-
crepancy between the pathway amplitudes UH1 by the off-diagonal encoding scheme and UI by Dyson expansion in
Tab. I may come from these self-to-self transitions. The off-diagonal encoding scheme, which doesn’t include diagonal
encodings, can not distinguish pathways with and without self-to-self transitions, while the value of UH1 should be
the sum amplitude of pathways without and with self-to-self transitions. Therefore, the difference between UH2 by
the scheme including diagonal encoding, which considers this kind of transitions, and UI becomes smaller. However,
it is also noticed in Eq. (13) that environmental terms are “entangled” with the resonant frequencies (i.e. ω2, ω3) in
the other diagonal Hamiltonian elements except H11(t), H55(t) and H99(t). The scheme including diagonal encoding
does not consider this, which leads to a small discrepancy between UH2 and UI . It is necessary to disentangle the two
types of terms and then encode all environment-related ones to further improve the accuracy.
IV. SOLUTIONS AND DEMONSTRATION
It has been shown above that a proper encoding scheme has to be adopted to extract correct pathway amplitudes
with HE-OD. However, this requires: 1. the environmental terms to be disentangled from resonant frequencies; 2.
diagonal encodings to be performed, which results in self-to-self transitions. Techniquely, the original definition of
quantum pathways is jumping from one state to another state, but the self-to-self transitions is quite counter-intuitive
and not proper to be involved in the pathway, because it is jumping from a state to itself. Eq. (18) indicates that
moving to the interaction picture is a way to achieve the disentanglement, but still can not avoid diagonal encodings.
To conquer this problem, a mathematical transformation is applied to the Hamiltonian in the interaction picture
firstly and then normal off-diagonal encoding schemes can be adopted. The same three-level open model system in
Fig. 1 with and without control fields is employed for illustration in this section.
8A. The three-level open quantum system without control field
When there is no control field, the Hamiltonian in the Liouville space becomes much simpler,
H =


β1 0 0 0 iηα12 0 0 0 0
0 β2 0 0 0 0 0 0 0
0 0 β3 0 0 0 0 0 0
0 0 0 β4 0 0 0 0 0
iηα12 0 0 0 β5 0 0 0 iηα23
0 0 0 0 0 β6 0 0 0
0 0 0 0 0 0 β7 0 0
0 0 0 0 0 0 0 β8 0
0 0 0 0 iηα23 0 0 0 β9


. (23)
The resulted Hamiltonian in the interaction picture is
HI =


ξ1 0 0 0 iηα12 0 0 0 0
0 ξ2 0 0 0 0 0 0 0
0 0 ξ3 0 0 0 0 0 0
0 0 0 ξ4 0 0 0 0 0
iηα12 0 0 0 ξ5 0 0 0 iηα23
0 0 0 0 0 ξ6 0 0 0
0 0 0 0 0 0 ξ7 0 0
0 0 0 0 0 0 0 ξ8 0
0 0 0 0 iηα23 0 0 0 ξ9


(24)
Here the definitions of α, β, η and ξ are the same as those in Eqs. (13)) and (17). The environmental terms are now
disentangled with resonant frequencies. Due to the fact that all coherence terms (e.g. ρij = 0, i 6= j) would be zero,
the evolution equation can also be simplified as
d
dt

 ρ11(t)ρ22(t)
ρ33(t)

 =

 −γ12 γ12 0γ12 −(γ12 + γ23) γ23
0 γ23 −γ23



 ρ11(t)ρ22(t)
ρ33(t)

 , (25)
with
γij = ηαij . (26)
Its analytical solution is 

ρ11(t) =
1
3 − (γ12+γ236Ω − 16 ) (−γ12+γ23−Ω)e
(−γ12-γ23−Ω)t
γ23
−(−γ12−γ236Ω − 16 ) (−γ12+γ23+Ω)e
(−γ12−γ23+Ω)t
γ23
ρ22(t) =
1
3 − (γ12+γ236Ω − 16 ) (γ12+Ω)e
(−γ12−γ23−Ω)t
γ23
−(−γ12−γ236Ω − 16 ) (γ12−Ω)e
(−γ12−γ23+Ω)t
γ23
ρ33(t) =
1
3 + (
γ12+γ23
6Ω − 16 )e(−γ12−γ23−Ω)t
+(−γ12−γ236Ω − 16 )e(−γ12−γ23+Ω)t
, (27)
with Ω =
√
γ212 − γ12γ23 + γ223.
Then the following mathematical transformation is applied to eliminate non-zero diagonal elements

ρ˜11(t) = ρ11(t)− 13
ρ˜22(t) = ρ22(t)− 13
ρ˜33(t) = ρ33(t)− 13
, (28)
leading to the new dynamic equation in the transformed space
d
dt

 ρ˜11(t)ρ˜22(t)
ρ˜33(t)

 = −

 0 2γ12 γ122γ12 + γ23 0 γ12 + 2γ23
γ23 2γ23 0



 ρ˜11(t)ρ˜22(t)
ρ˜33(t)

 . (29)
Finally the original off-diagonal encoding schemes can be applied to extract pathway amplitudes, which agrees well
with those obtained by Dyson expansion (not shown here).
9B. The three-level open quantum system with control field
When there is control field, the necessary transformation is much more complicated. The first step is to employ
rotating-wave approximation (RWA) [27]. The Hamiltonian in Eq. (18) in the interaction picture becomes
HI =


−iγ12 ε12 0 −ε12 iγ12 0 0 0 0
ε12 −id1 ε23 0 −ε12 0 0 0 0
0 ε23 − i2d2 0 0 −ε12 0 0 0−ε12 0 0 −id1 ε12 0 −ε23 0 0
iγ12 −ε12 0 ε12 −id2 ε23 0 −ε23 iγ23
0 0 −ε12 0 ε23 −id3 0 0 −ε23
0 0 0 −ε23 0 0 − i2d2 ε12 0
0 0 0 0 −ε23 0 ε12 −id3 ε23
0 0 0 0 iγ23 −ε23 0 ε23 −iγ23


, (30)
with d1 = (γ12+
γ23
2 ), d2 = (γ12+γ23), d3 = (
γ12
2 +γ23), and εij being Rabi frequency. In our simulations, the control
field is taken to be of a Gaussian envelope
E(t) = e−
(t−T/2)2
2σ2 A1cos(ω2t+ ϕ1) + e
−
(t−T/2)2
2σ2 A2cos((ω3 − ω2)t+ ϕ2)
=
A1
2
e−
(t−T/2)2
2σ2 (ei(ω2t+ϕ1) + e−i(ω2t+ϕ1)) +
A2
2
e−
(t−T/2)2
2σ2 (ei((ω3−ω2)t+ϕ2) + e−i((ω3−ω2)t+ϕ2))
, (31)
leading to the Rabi frequencies ε12(t) =
µ12A1
2 e
− (t−T/2)
2
2σ2 and ε23(t) =
µ23A2
2 e
− (t−T/2)
2
2σ2 .
To eliminate the non-zero diagonal elements, the following transformation is adopted

ρ˜11(t) = ρ11(t)− 13
ρ˜22(t) = ρ22(t)− 13
ρ˜33(t) = ρ33(t)− 13
ρ˜12(t) = ρ12(t)e
(γ12+
γ23
2 )t
ρ˜13(t) = ρ13(t)e
γ12+γ23
2 t
ρ˜21(t) = ρ21(t)e
(γ12+
γ23
2 )t
ρ˜23(t) = ρ23(t)e
(
γ12
2 +γ23)t
ρ˜31(t) = ρ31(t)e
γ12+γ23
2 t
ρ˜32(t) = ρ32(t)e
(
γ12
2 +γ23)t
. (32)
leading to the new Hamiltonian
H˜I(t) = −i


0 −iL(−t) 0 iL(−t) 2γ12 0 0 0 γ12
−iL(t) 0 −iO1(t) 0 iL(t) 0 0 0 0
0 −iO1(−t) 0 0 0 iO2(−t) 0 0 0
iL(t) 0 0 0 −iL(t) 0 iO1(t) 0 0
2d1 iL(−t) 0 −iL(−t) 0 −iF(−t) 0 iF(−t) 2d3
0 0 iO2(t) 0 −iF(t) 0 0 0 iF(t)
0 0 0 iO1(−t) 0 0 0 −iO2(−t) 0
0 0 0 0 iF(t) 0 −iO2(t) 0 −iF(t)
γ23 0 0 0 2γ23 iF(−t) 0 −iF(−t) 0


, (33)
which governs the evolution equation
i
d
dt


ρ˜11(t)
ρ˜12(t)
ρ˜13(t)
ρ˜21(t)
ρ˜22(t)
ρ˜23(t)
ρ˜31(t)
ρ˜32(t)
ρ˜33(t)


= H˜I


ρ˜11(t)
ρ˜12(t)
ρ˜13(t)
ρ˜21(t)
ρ˜22(t)
ρ˜23(t)
ρ˜31(t)
ρ˜32(t)
ρ˜33(t)


. (34)
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TABLE II. Magnitudes and phases of significant quantum pathways for the three-level open system when both dissipation and
control fields are present. The values in the parentheses are the phases.
Type Pathways Amplitude
(Phase)
Integration
dipole
∣∣∣1˜1〉〉→ ∣∣∣1˜2〉〉→ ∣∣∣1˜3〉〉→ ∣∣∣2˜3〉〉→ ∣∣∣3˜3〉〉 1.435 × 10−3
(4.926 × 10−14)
1.443 × 10−3
∣∣∣1˜1〉〉→ ∣∣∣2˜1〉〉→ ∣∣∣3˜1〉〉→ ∣∣∣3˜2〉〉→ ∣∣∣3˜3〉〉 1.442 × 10−3
(4.707 × 10−13)
1.443 × 10−3
∣∣∣1˜1〉〉→ ∣∣∣1˜2〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜2〉〉→ ∣∣∣3˜3〉〉 1.468 × 10−3
(3.732 × 10−14)
1.476 × 10−3
∣∣∣1˜1〉〉→ ∣∣∣2˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣2˜3〉〉→ ∣∣∣3˜3〉〉 1.533 × 10−3
(5.196 × 10−13)
1.476 × 10−3
∣∣∣1˜1〉〉→ ∣∣∣1˜2〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣2˜3〉〉→ ∣∣∣3˜3〉〉 1.470 × 10−3
(−3.164× 10−13)
1.476 × 10−3
∣∣∣1˜1〉〉→ ∣∣∣2˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜2〉〉→ ∣∣∣3˜3〉〉 1.438 × 10−3
(−3.581× 10−13)
1.476 × 10−3
dipole-dissipation
∣∣∣1˜1〉〉→ ∣∣∣1˜2〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜3〉〉 2.322 × 10−2
(1.097 × 10−14)
2.326 × 10−2
∣∣∣1˜1〉〉→ ∣∣∣2˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜3〉〉 2.322 × 10−2
(6.223 × 10−14)
2.326 × 10−2
∣∣∣1˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣2˜3〉〉→ ∣∣∣3˜3〉〉 3.042 × 10−2
(1.382 × 10−14)
3.045 × 10−2
∣∣∣1˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜2〉〉→ ∣∣∣3˜3〉〉 3.040 × 10−2
(2.191 × 10−14)
3.045 × 10−2
dissipation
∣∣∣1˜1〉〉→ ∣∣∣2˜2〉〉→ ∣∣∣3˜3〉〉 2.389 × 10−1
(6.125 × 10−15)
2.3868 × 10−1
Here L(t) = ε12e(γ12+
γ23
2 )t, F(t) = ε23e(
γ12
2 +γ23)t, O1(t) = ε23e
γ12
2 t and O2(t) = ε12e
γ23
2 t.
Then methods of HE-OD with the normal off-diagonal encoding scheme and Dyson expansion can be employed to
obtain the pathway amplitudes. The results are shown in Tab. II and Fig. 3.
C. Generalization of the transformation and comparison of pathways in the two spaces
The above transformation can be generalized to an N-level open quantum system. Its equilibrium state in the
pure dissipation case can be described by ρeqmm = cm and ρ
eq
mn = 0 (m 6= n, 1 ≤ m,n ≤ N), and the transformation
without control field is ρ˜mm(t) = ρmm(t) − cm. When the control field is present, the transformation becomes to
ρ˜mm(t) = ρmm(t)− cm and ρ˜mn(t) = ρmn(t)ei(HI)mn,mnt (m 6= n, 1 ≤ m,n ≤ N), where HI is the Hamiltonian in the
Liouville space in the interaction picture.
The definition of pathways in the transformed space is clearer than that in the original Liouville space. The
inconsistency between the amplitudes extracted by HE-OD and the integration from Dyson Expansion is also avoided.
However, it is still quite interesting to compare the pathways extracted by HE-OD in the two spaces. The control
mechanism can be described by the transition pathways linking the initial and target states. With the original and
transformed spaces, the states are, respectively, described in the two bases of |mn〉〉 and |m˜n˜〉〉 (1 ≤ m,n ≤ N). The
two methods both have advantages and disadvantages. The initial state is simpler with the original HE-OD method
in the original space, but diagonal encodings are necessary due to non-zero diagonal elements in the Hamiltonian,
which will lead to self-to-self transitions. The improved HE-OD method may lead to more complex pathways due
to the different description of the initial state in the transformed space. For the above three-level open system, the
initial state is |11〉〉 with the original method, while is 23
∣∣∣1˜1˜〉〉 − 13
∣∣∣2˜2˜〉〉 − 13
∣∣∣3˜3˜〉〉 with the improved method.
Thus with the new method, pathways of the types
∣∣∣2˜2˜〉〉 → . . . → ∣∣∣3˜3˜〉 and ∣∣∣3˜3˜〉〉 → . . . → ∣∣∣3˜3˜〉 will appear in the
mechanism analysis in addition to those of the type
∣∣∣1˜1˜〉〉→ . . .→ ∣∣∣3˜3˜〉, while only one type (i.e. |11〉〉 → . . .→ |33〉)
is present with the original method. The main advantage of the improved method in this paper is that it avoids
self-to-self transitions and thus can obtain the correct pathway amplitudes without diagonal encodings and avoid the
inconsistency with Dyson expansion.
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FIG. 3. (Color online) Magnitudes of significant pathways with different methods. The vertical axis denotes the magnitude,
with the values in panel (a) scaled by a factor of 1000 and those in panels (b) and (c) scaled by a factor of 100. Panels
(a), (b) and (c) are, respectively, the dipole-induced pathways, the dipole-environment-induced pathways and the exclusively
environment-induced pathways. The pathway indices along the horizontal axis are arranged in the same order as in Tab. II.
The blue and red bars are, respectively, obtained by the improved HE-OD method and Dyson expansion.
V. CONCLUSIONS AND DISCUSSIONS
HE-OD can extract pathway amplitudes and is an efficient way to investigate mechanisms in the control of quantum
dynamics. For closed systems, the original off-diagonal encodings in HE-OD can induce the same pathway amplitudes
as those by Dyson expansion. When moving to open quantum systems, some discrepancy appears. The underlying
reason is related to the fact that the environmental terms are present in the diagonal Hamiltonian elements. Off-
diagonal encodings can not differentiate transitions induced by these elements. The discrepancy can be diminished by
diagonal encodings. However, this encoding scheme will introduce self-to-self transitions, which are counter-intuitive
and inconvenient to be described mathematically. In this work, an improved HE-OD methodology is proposed to
avoid such transitions in the resulted pathways. Firstly, the original Hamiltonian is transformed into the interaction
picture to disentangle the environmental terms and resonant frequencies; Then a proper mathematical transformation
is performed to eliminate the diagonal elements; Finally, off-diagonal encodings can be employed to differentiate
pathways expressed in the new basis. The improved HE-OD method shows good consistence with the accurate Dyson
expansion. A three-level open quantum system is taken as example to illustrate the effectiveness of our proposed
methodology, which can be generalized to multi-level open quantum systems.
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